
OPTIMAL DESIGN OF EVALUATION POINT 
IN ERROR-BUDGETING
STUDENTS: Assaf Harel, Kyan Ho, Asher Lantz, Anne Lashbrook

ADVISERS: Roland Guichard

SPONSOR: Riverlane

Motivation and Abstract

Error Thresholds and Scaling

Optimal Experimental Design Implementing Two ODE's

Current Methods of Evaluating 1/Λ

References

To estimate the error-scaling parameter Λ−1, Deltakit evaluates Λ−1 at several 

values of a chosen noise parameter and fits a polynomial curve to the 

resulting data.

The gradient of this fitted curve at the target noise value P is then used to 

estimate how strongly this noise source contributes to the total error 

budget.

Linear Selection of Points:
• Noise values are selected at evenly spaced intervals.

Logarithmic Selection of Points:
• Noise values are spaced evenly on a logarithmic scale.

D-Optimal:
• Chooses noise parameter points that make the overall polynomial fit for 

𝚲−𝟏 as stable as possible. Selects the most informative simulation points 

rather than simply spacing them evenly.

C-Optimal:
• Targets one specific linear combination of coefficients; in this case, that 

quantity is the slope of Λ−1 at the chosen physical noise value P.

• Instead of improving the whole curve equally, it chooses points that most 

directly reduce uncertainty in this gradient estimate.

Both methods improve upon the linear and logarithmic point selections in 

reducing the variance of the slope of 𝚲−𝟏.

Additionally, fewer points are used in calculating this gradient.

Efficient quantum error correction (QEC) is necessary to harness the full 
potential of quantum computing, and benchmarking the efficiency of QEC 
experiments is vital to understanding and improving quantum computing.

In QEC, the performance of the decoder, which is responsible for error 
correction, can be benchmarked by analyzing the logical error probability 
(LEP), a metric that indicates the frequency of observable correction failures. 
Estimating the LEP relies on finding the error scaling parameter, 𝚲, at 
different noise parameter values. 

Reducing the variance in the computed values for Λ allows for a more accurate 
estimation of the LEP. Currently, the issue lies in calculating the gradient of Λ−1

at different points, as the distances between the points contributes significantly 
to variance, so finding the optimal set of points to evaluate would reduce 
the number of points needed and improve LEP estimation accuracy.

We recreate existing results in minimizing Λ−1 using the current linear and 
logarithmic methods of choosing noise parameter values with which to calculate 
the gradient of the error scaling parameter.

We implement two optimal experimental designs, D-optimal and C-optimal, to 
select the noise parameter points with which to calculate the gradient of Λ−1.

The project concludes with benchmarking the optimal design approaches 
with the linear and logarithmic point selections.

The threshold theorem suggests that the LEP per shot should exponentially 
decrease with the size of the code under sufficiently low noise levels. As 
such, there exists a physical noise level, or threshold, at which this flips, and 
increasing the code distance leads to worsening LEP. 

Below the threshold, the LEP decreases exponentially with code distance:
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Λ is our error scaling/suppression parameter, and Λ0 is a constant factor.

Ideally, 𝚲 should be as high as possible, so we can treat 𝚲−𝟏 as an error 
“budget”, that should be as close to 0 as possible.

Riverlane, through their open-source QEC toolkit Deltakit, allows us to design, 
simulate, and benchmark noisy QEC experiments.

Deltakit has implemented an error-budgeting feature that aims to estimate the 
contribution of individual contributions to the overall error budget. Reducing 
the variance of 𝚲−𝟏 will allow for better error budget estimation.

We minimize the variance of the error gradient analysis using 
optimal experimental designs.

The problem we are solving is of the form:
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𝐲 = 𝐗𝐚
Where the 𝑎𝑖 values are the coefficients of our polynomial fit. The variance of our 
gradient estimate, 𝐚, relates to this problem as:

Var 𝐚 = 𝜎2 𝐗𝐓𝐗
−1

Where 𝜎 is a constant. Importantly, we see that the variance of 𝐚 only depends on 
(𝑥1, 𝑥2, … , 𝑥𝑁) that make up the matrix 𝐗. 

Using optimal experimental design methods, we can find the ideal set of points 
to minimize the variance of our results and reduce the amount of sampling 
needed before ever running the experiment.

In our work, we investigate two optimal experimental design methods, D-Optimal 
and C-Optimal, and compare them against the established linear and logarithmic 
spacing methods.
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